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Abstract

A one-dimensional transient analytical model is proposed to estimate the performance of earth-to-air heat exchangers, installed at
different depths, used for building cooling/heating. Two independent space coordinates are considered, one in the longitudinal direction
of the buried pipe and the other through the soil, in the vertical direction. With appropriate simplifications, analytical treatment is pro-
posed to predict the temperature fields of the fluid in the pipe and of the soil in the proximity of the buried pipe, taking into account
thermal perturbation of the upper free surface and the possible phase change (condensation) in the buried pipes. Moreover, the agree-
ment with some experimental data available in the literature is very satisfactory.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

In the ambit of bioclimatic architecture, earth-to air heat
exchangers (EAHEs), used to cool primary air for build-
ings during hot weather, have been assigned an increasingly
important role [1], also for the possibility of pre-heating
during winter. Their design requires the accurate determi-
nation of ground temperature, a cold source to which the
air gives up heat through convection. With regard to this
the evaluation of the performance of EAHEs in relation
to the depth at which they are installed is of fundamental
importance. In general, economic considerations would
lead to place the system reasonably close to the surface
(at a depth of between approximately 2–3 m) for reducing
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installation costs, although this would imply a reduction
in their effectiveness on account of the higher ground tem-
perature at that depth. To find the right compromise
between efficiency and cost, it is necessary to assess the
effect of the thermal wave coming from the surface of the
ground as well as the effect of the heating of the ground
near the buried pipe from the air passing through the said
pipe.

The proposed model has enabled us to take these differ-
ent boundary conditions into account and combine them
on the basis of the principle of the superposition of causes
and effects, which will be shown to be applicable to the
matter in question. A one-dimensional analytical solution
is proposed to determine the profile of the ground temper-
ature under the influence of EAHEs and the thermal wave
from the surface. This analytical solution has been
achieved through two methods: the first using Green’s
functions [2] and the second through a simplified analysis
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Nomenclature

b earth-to-air heat exchangers installation depth
(m)

cp specific heat at constant pressure (J/kg K)
dh hydraulic diameter of the buried pipe (m)
erf error function
erfc complementary error function
h specific enthalpy of humid air (J/kg)
hc heat transfer coefficient (W/m2 K)
hm mass transfer coefficient (kg/m2 s)
k thermal conductivity (W/m K)
L length of buried pipe (m)
_m mass flow rate (kg/s)
NTU number of transfer units
P perimeter (m)
_Q rate of heat transfer (W)
T temperature (�C)
T temperature averaged in the period of operation

(�C)
Ts,y yearly mean surface temperature (�C)
Ts,d daily mean surface temperature (�C)
Ta,d daily mean air temperature (�C)
t time, measured from the start of the day (s)
t1 time at start of the system (s)
t2 time at switch off of the system (s)
t* time at highest daily temperature (s)
t0 integration variable of t (s)
t0 period of temperature fluctuations (s)
u Green’s function (m�1)
W humidity ratio (kgv/kga)
x depth in ground (m)

x0 integration variable of x (m)
z distance along the length of the buried pipe (m)

Greek symbols

a thermal diffusivity (m2/s)
Dz distance along the length of the elementary pipe

(m)
DT magnitude of temperature fluctuations: (Tmax �

Tmin)/2 (�C)
s time, measured from the start of the year (s)
s0 time, measured from the start of the year, at

highest surface temperature (s)
x pulsation: 2p/t (s�1)

Subscripts

a air
d daily value
G ground
HE heat exchanger
in input
‘ liquid
m mean (yearly/daily) value
out output
R saturation
s surface
v vapor
y yearly value
w wall
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based on the principle of the superposition of causes and
effects. The results of both approaches are in agreement
with each other.

Once the wall temperature of the buried pipe has been
determined, the length and the thermo-hygrometric perfor-
mances can be evaluated through the use of the simplified
analytical solutions obtained by Cucumo et al. [3,4]. The
evaluation of the humidity ratio of the air within the buried
pipes allows us to take into account the possibility of con-
densation in consequence of the air layer near the pipe wall
reaching saturation conditions, in accordance with the
approach of the heat and mass transfer [5,6], as also uti-
lized by Hollmuller and Lachal [7] for the same purposes.

The suitability of one-dimensional treatment (along a
radial or vertical coordinate) has been proposed and vali-
dated in a multitude of numerical and experimental studies,
among which one can mention the work carried out by
Tzaferis et al. [8], on eight prediction models for the perfor-
mance of heat exchangers, as well as the work of Benkert
et al. [9], De Paepe and Janssens [10] and Stevens [11,12].
The agreement between the model proposed here and the
above publications is very satisfactory; the same is also
the case as regards certain theoretical and experimental
results in the literature obtained by Wagner et al. [13], Sthål
[14] and Sharan and Jadhav [15].

The proposed simplified model is easier to apply (also in
a spreadsheet) than other complex, albeit accurate, numer-
ical models such as, in addition to the ones already cited
[7,9,13,14], the following: Puri [16], Mihalakakou et al.
[17], Jacovides et al. [18], Millette and Galanis [19], Gau-
thier et al. [20], Pfafferott [21]. Moreover, the analytical
solution of the process of thermal exchange in EAHEs, lim-
ited up to now by a quasi-steady one-dimensional analysis
which neglects the possibility of condensation in the
EAHEs, for example the recent work of Shukla et al.
[22], has been considerably improved. However, the very
recent work of Costa [23] pointed out that the steady-state
physical model is useful for a thermodynamic analysis of
the overall system.

For the assessment of the performance of the EAHEs,
Krarti and Kreider [24] considered that the problem is a
transient one, since heat removed from air within the tube
heats the surroundings earth and reduces the cooling effect
relative to the steady state calculation which assumes a
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Fig. 1. Boundary conditions for the real system (a) and for the
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constant earth temperature. Their proposed analytical
model assumes, after a few days of operation, the EAHEs
system reaches a steady, periodic state. Also Hollmuller
[25] considers a periodic input for the air in the buried pipe,
yielding a physical interpretation of the amplitude-damp-
ening and the phase-shifting of the periodic input signal.
In this latter work a detailed analytical solution regarding
soil perturbation around the buried pipe is proposed, but
without perturbation of the free upper surface.

Indeed, the aim of the present work is to propose a tran-
sient one-dimensional analytical solution which takes into
account, with some appropriate simplifications, not only
the possibility of condensation in the buried pipes, but also
the influence of the thermal surface wave from above the
ground and the fluctuation in temperature of the air pass-
ing through the said buried pipes.

2. Theoretical basis of the model

The present model is based on the solution of the heat
equation, generally referred to as the ‘‘diffusion equation”,
applied to ground that is considered as homogeneous and
isotropic with respect to the propagation of heat.

The mathematical model that describes the physical sys-
tem considered is linear and, thus, allows the application of
the principle of the superposition of effects.

The solution of the heat equation, a differential equation
with partial derivatives, is carried out in the domain of
Laplace, through which it is generally possible to solve
complex problems which it would be otherwise impossible
to solve, apart from by numerical methods.

The problem in question is without internal generation
of heat, hence Fourier’s equation is considered:

r2T ¼ 1

a
oT
ot

ð1Þ

It can be written in synthetic form as follows:

LðT Þ ¼ 0 ð2Þ

with

L ¼ r2 � 1

a
o

ot
ð3Þ

Operator L, that depends on the type of equation consid-
ered or rather the type of physical problem examined, sat-
isfies the property of linearity. The superposition of causes
and effects can, consequently, be applied to the linearity of
operator L.

The problem in question is well-posed and, therefore,
the solution depends continuously on the data, with an
appropriate topology.

3. Hypothesis of the model

The proposed model is presented here pointing out its
assumptions and simplifications.
The basic hypothesis of the model is a one-dimensional
heat transfer, considering rectangular coordinates in plane
geometry supposed with several horizontal buried pipes
close to each other, so that lateral heat diffusion around
the pipes is negligible in comparison to plane diffusion
upwards/downwards. A similar configuration was analyzed
by Wagner et al. [13] from a numerical and experimental
point of view, showing a temperature field in a cross-sec-
tional plan (x–y axis in Fig. 1). As in the major part of
radial models in literature [8–10,22,24], one supposes a uni-
form temperature along the perimeter of the pipe surface,
equal to the wall temperature calculated at x = b (a good
approximation as long as the pipe diameter and the thick-
ness of the soil disturbed by the pipe are small compared to
the depth of installation b of the buried pipe). As a further
approximation it is possible to perform the specific analysis
of this paper also for a single buried pipe, supposing, near
the pipe, an axially-symmetric diffusion of heat superposed
to one-dimensional heat transfer from the upper free sur-
face. In fact, as specified in Section 2, the linearity of the
system allows us to apply the principle of superposition
of effects. Therefore, Fourier’s equation is solved by impos-
ing different boundary conditions (Fig. 1); by superposing
these solutions in a correct way, one can determine the tem-
perature in relation to the surface of earth to air heat
exchange, in other words the wall temperature of the bur-
ied pipe, Tw. Each equation is solved by considering a tran-
sient one-dimensional propagation of heat waves. The



M. Cucumo et al. / International Journal of Heat and Mass Transfer 51 (2008) 506–516 509
mass transfer to take into account the moisture content in
the soil as in Refs. [16,17] has not been considered; one
considers uniform thermo-physical properties for the soil
(aG,kG).

For determining the underground temperature with
depth, the heat conduction is assumed to follow a quasi-
steady-state behavior and the periodic solution of the
Fourier’s equation was used for taking into account the per-
turbation owing to the yearly and daily fluctuations of tem-
perature at the free upper surface. Analogous approaches
have been used in other publications as in Refs. [9,24].

These solutions were used as initial conditions for the
transient solution of the flat-plate or semi-infinite body to
take into account the heating in the proximity of the hori-
zontal buried pipe in the upwards and downwards diffusion
of heat. Using Green’s functions, the exact solutions are
yielded with the appropriate initial and boundary condi-
tions in the operating conditions of the system (a constant
mass flow rate and convective heat transfer coefficient are
assumed). A different simplified solution considers a uni-
form initial temperature in the proximity of the buried
pipe, as in some mentioned works [24], and the semi-infinite
body transient solution (with convective conditions) is
combined with the thermal profile in the ground applying
the principle of superposition of effects.

In the considered solutions the thickness of the buried
pipe and the influence of the vertical pipes at the inlet
and outlet are neglected.

This one-dimensional treatment is used for determining
the wall temperatures at the inlet and outlet (fixed Tout) of
the buried pipe. Therefore, quadratic profiles are assumed
for the temperatures along the z-axis and for the humidity
ratio of the air layer at the buried pipe wall. These profiles
are close to the experimental data and correspond to the
first terms of a power series expansion, analogously to
recent works in literature. With these assumptions it is pos-
sible to calculate the heat transfer rate from air to soil and
to verify possible condensation. Fixing a first value of the
humidity ratio at the outlet of the buried pipe Wout and
considering the enthalpy balance on the entire buried pipe
one can obtain its length L. The applicability of the convec-
tive mass transfer mechanism for treating the possible
phase change for water vapor in the humid air is supposed.
A saturated air layer is assumed near the pipe wall [7] and a
convective mass transfer coefficient [5] is defined for
obtaining the mass flow rate of condensate at the pipe sur-
face. A differential equation is obtained whose solution fur-
nishes the humidity ratio at the outlet of the buried pipe.
An iterative method is necessary for refining the output
variables Wout and L.

4. Effect of surface heat flux: semi-infinite body with the

Dirichlet cosinusoidal condition

If a cosinusoidal temperature profile is set-up at the sur-
face in order to obtain the profile of ground temperature, it
is necessary to solve Eq. (1) with the boundary conditions:
T ð0; tÞ ¼ T s;m þ DT s cos x t � t�s
� �� �

T ð1; tÞ ¼ T s;m
ð4Þ

and the solution in the time domain is [12,26]:

T ðx; tÞ ¼ T s;m þ DT se
�
ffiffiffi
x
2a

p
x cos xðt � t�s Þ �

ffiffiffiffiffi
x
2a

r
x

� �
ð5Þ

This solution is used for taking into account both the
yearly and daily fluctuations in the following Section 6.

5. Effect of daily fluctuation in temperature of external air

passing through the buried pipe

5.1. Semi-infinite body with convective condition and

constant fluid temperature T a

In this case Eq. (1) is solved through a convective
boundary condition and constant fluid temperature T a.
The boundary conditions are

T ðx; 0Þ ¼ T 0

T ð1; tÞ ¼ T 0

oT ðx; tÞ
ox

				
x¼0

¼ hc

k
½T ð0; tÞ � T a�

ð6Þ

By imposing these conditions, the obtained solution in
the time domain is [26]

T ðx; tÞ � T 0 ¼ ðT a � T 0Þ erfc
x

2
ffiffiffiffi
at
p


 �
� e

hcx
k þ

h2
c at

k2

� "

� erfc
x

2
ffiffiffiffi
at
p þ hc

ffiffiffiffi
at
p

k


 �#
ð7Þ

where by definition

erfc
x

2
ffiffiffiffi
at
p


 �
¼ 1� erf

x

2
ffiffiffiffi
at
p


 �
ð8Þ

This solution is used in the following Section 6.2 for
determining the influence of the buried pipe in the ground,
taking care to translate the vertical coordinate in jx � bj,
considering the installation depth of the buried pipe.

5.2. Semi-infinite body with convective condition and

cosinusoidal fluid temperature

This equation has a boundary condition of a convective
type similar to that considered in Section 5.1. This time,
however, the temperature of the fluid is not constant, but
rather cosinusoidal:

T ð1; tÞ : limited

�k
oT
ox

				
x¼0

¼ hc½T aðtÞ � T ð0; tÞ�
ð9Þ

where

T aðtÞ ¼ T a;d þ DT a cos 2p
t � t�a

t0


 �� �
ð10Þ
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The solution in the time domain is [12,26]

T ðx; tÞ ¼ T a;d þ
DT ae�x

ffiffiffiffiffiffiffi
xd
2að Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2bþ 2b2

q cos xdðt� t�aÞ � x

ffiffiffiffiffiffi
xd

2a

r
� e

� �

ð11Þ
with

xd ¼
2p
t0

; b ¼ k
hc

p
at0


 �1
2

; e ¼ tg�1 b
bþ 1


 �
ð12Þ

This solution is considered in the following Section 6.2
to take into account the daily fluctuations of the air tem-
perature passing through the buried pipe in the continuous
regime of operation.

5.3. Solution of semi-infinite body with convective conditions

and initial temperature f(x)

The solution of the Fourier equation with initial condi-
tion TG(x, 0)=f(x) and convective boundary conditions
with a fluid temperature varying (in time) with law /(t),
is obtained through the use of Green’s functions (u) to give
the following expression [2,26]:

T ðx; tÞ ¼
Z

f ðx0Þujt0¼0dx0 þ a
Z

/ðt0Þou
ox0

				
x0¼0

dt0

uðx; t x0; t0j Þ ¼ 1

2
ffiffiffiffiffiffiffi
pat
p e�ðx�x0Þ2=4aðt � t0Þ þ e�ðxþx0Þ2=4aðt�t0Þ

h i

� hc

k
ea

h2
c

k2ðt�t0Þþhc
k ðxþx0Þerfc

xþ x0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðt � t0Þ

p
"

þ hc

k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðt � t0Þ

p #

ð13Þ
with

ou
ox

				
x¼0

¼ hc

k
u

				
x¼0

This solution is considered in Section 6.1 to evaluate the
heat transfer in the ground under the buried pipe.

5.4. Flat plate, transient 1D: Dirichlet boundary conditions

with law /1(t) at x = 0, convection with law /2(t) at x = b

and initial temperature f(x) [2,26]

In this case

T ðx; tÞ ¼
Z

f ðx0Þujt0¼0dx0 þ a
Z

/1ðt0Þ
ou
ox0

				
x0¼0

dt0

þ a
Z

/2ðt0Þ
hc

k
u

				
x0¼b

dt0

uðx; t x0; t0j Þ ¼ 2

b

X1
m¼1

exp � b2
maðt � t0Þ

b2

� �
b2

m þ Bi

b2
m þ Bi2 þ Bi

 !

� sin bm
x
b

� 
sin bm

x0

b


 �
ð14Þ
with

bm cot bm ¼ �Bi ¼ �hcb=k and
ou
ox

				
x¼b

¼ � hc

k
u

				
x¼b

This solution is considered in Section 6.1 to evaluate the
heat transfer in the ground between the upper free surface
and the buried pipe.
5.5. Flat plate, transient 1D: convection with law /1(t) at

x = 0, Neumann (ou/ox = 0) at x = B and initial

temperature f(x) [2,26]

In this conditions:

T ðx; tÞ ¼
Z

f ðx0Þujt0¼0dx0 þ a
Z

/1ðt0Þ
hc

k
u

				
x0¼0

dt0

uðx; t x0; t0j Þ ¼ 2

B

X1
m¼1

exp � b2
maðt � t0Þ

B2

� �
b2

m þ Bi

b2
m þ Bi2 þ Bi

 !

� cos bm 1� x
B

� h i
cos bm 1� x0

B


 �� �
ð15Þ

with

bm tan bm ¼ Bi ¼ hcB=k and
ou
ox

				
x¼0

¼ hc

k
u

				
x¼0

This solution is considered in Section 6.1 to evaluate the
heat transfer between the depth of installation of the buried
pipe and a wide depth in the ground at constant
temperature.
6. Temperature at the surface of the buried pipe

6.1. Analytical solution

Through the principle of the superposition of causes and
effects it is possible to arrive at the law of temperature var-
iation of the ground on a given day by adding the solutions
of the Fourier equation to Dirichlet boundary condition at
the surface with cosinusoidal law, calculated on a yearly
and a daily basis, respectively; this gives

T Gðx; tÞ ¼ T G;Iðx; tÞ þ T G;IIðx; tÞ ð16Þ

By utilizing Eq. (4) with a value of Ts,m equal to the
average annual temperature in relation to the ground sur-
face, constant in the interval considered (yearly), from
the application of Eq. (5) on the yearly basis the term
TG,I(x, t), which appears in Eq. (16), is determined; this
expresses the influence of annual temperature fluctuations
at different depths, thus

T G;Iðx; tÞ ¼ T s;y þ DT s;ye�
ffiffiffiffi
xy
2a

p
x cos xyðtþ s� s0Þ �

ffiffiffiffiffiffi
xy

2a

r
x

� �
ð17Þ
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It should be noted that the term Ts,y is assumed to be
constant; it represents the temperature of the ground at
greater depths (over 5–6 m) and remains unchanged
throughout the year.

For the calculation of daily fluctuations at the surface
Eq. (5) can be applied on a daily basis to give

T G;IIðx; tÞ ¼ DT s;de�
ffiffiffiffi
xd
2a

p
x cos xdðt � t�s Þ �

ffiffiffiffiffiffi
xd

2a

r
x

� �
ð18Þ

Eq. (18) is obtained by imposing Ts,m = 0 in Eq. (5), as the
constant value of temperature applied on the surface (Ts,m)
has already been considered in Eq. (17). The correct
application of the principle of the superposition of effects,
in fact, requires that every effect is superposed once
only.

For evaluating the influence of annual and daily fluctu-
ations in surface temperature on ground temperature at
different depths, therefore, it is possible to add up the
effects, utilizing the principle of the superposition of causes
and effects:

T Gðx; tÞ ¼ T G;Iðx; tÞ þ T G;IIðx; tÞ

¼ T s;y þ DT s;ye�
ffiffiffiffi
xy
2a

p
x cos xyðt þ s� s0Þ �

ffiffiffiffiffiffi
xy

2a

r
x

� �

þ DT s;de�
ffiffiffiffi
xd
2a

p
x cos xd t � t�s

� �
�

ffiffiffiffiffiffi
xd

2a

r
x

� �
ð19Þ

Through the application of Eq. (18), on a daily basis, it
is possible to ascertain that the influence of daily fluctua-
tions even at a depth of 0.5–1 m is negligible, even if it is
still considered a good idea to add up its contribution in
Eq. (16) in order to have as full and comprehensive a
description as possible.

If b represents the depth of the installation of the buried
pipe and x is into the interval [0,b], one can suppose the
boundary conditions of Section 5.4, by utilizing the Eq.
(14) with f(x) = TG(x,t1) and /1(t) = Ts(t) = TG(0, t) from
Eq. (19), /2(t) = Ta(t) from Eq. (10), to obtain the
following:

T ðx; tÞ ¼
Z b

0

T Gðx0; t1Þ � uðx; t � t1jx0; 0Þdx0

þ a
Z t�t1

0

T sðt0 þ t1Þ
ou
ox0

				
x0¼0

dt0

þ a
Z t�t1

0

T aðt0 þ t1Þ
hc

k
u

				
x0¼b

dt0 ð20Þ

Indeed, air subject to variable temperature in time,
according to the cosinusoidal law, passes through the bur-
ied pipe at a depth of x = b, from instant t1. In interval
(b,+1), on the basis of the considerations made in the pre-
vious section, by utilizing Eq. (13), by substituting
f(x) = TG(x, t1) from Eq. (19) and /(t) = Ta(t) from Eq.
(10), one arrives at the following solution:
T ðx; tÞ ¼
Z 1

b
T Gðx0; t1Þ � uðx� b; t � t1jx0 � b; 0Þdx0

þ a
Z t�t1

0

T aðt0 þ t1Þ
hc

k
uðx� b; t � t1j0; t0Þdt0 ð21Þ

It is not necessary to evaluate the integral of Eq. (21) in
the range (b,+1), as in Ref. [26], but up to a depth at con-
stant temperature (about 20 m), utilizing the solution of
Section 5.5. Eqs. (20) and (21) can be solved by numerical
integration methods, which have the obvious advantage of
providing a transient solution for the ground temperature
profile without the use of simplified hypothesis.

On the basis of this solution, one can obtain values for
the wall temperature of the buried pipe Tw when the system
is operating.
6.2. Simplified solution

The analytical solution, however, requires a high com-
putational workload, so a more immediate, simplified
method, which provides very similar results to the analyti-
cal solution, is proposed.

The wall temperature of the buried pipe, assumed equal
to that of the ground at the same level (hypothesis of the
negligible resistance of the buried pipe) can be obtained
by the superposing of the different solutions already
obtained (see Sections 4, 5.1 and 5.2). It is necessary, there-
fore, to consider both the geometry of the physical system
analyzed and the boundary conditions imposed for the
solution of each equation.

On the basis of the correct hypothesis, reported further
on, temperature T(x, t) is given by the combination of four
contributions, two of which are linked to the fluctuation in
surface temperature and two linked to earth to air heat
exchange:

T ðx; tÞ ¼ T Gðx; tÞ þ T HEðx; tÞ
¼ T G;Iðx; tÞ þ T G;IIðx; tÞ þ T HE;Iðx; tÞ þ T HE;IIðx; tÞ

ð22Þ

It is preferable to pursue an approximate approach for
the determination of the influence of earth to air heat
exchange; the term THE(x, t) can be added to the term
TG(x, t), calculated through Eq. (19), in order to assess
the effective temperature of the ground.

The term THE(x, t) depends on the earth to air heat
exchange on the surface of the buried pipe, with air temper-
ature T a constant in time interval [t1, t] and Eq. (7) can be
used for this purpose. An initial constant condition is
assumed T0 = TG(b, t1), to ensure that the effect owing to
the air temperature T a takes into account the real initial
conditions for t > t1. In this way, one can obtain the solu-
tion for the effective earth to air heat exchange, making
sure to cancel the first term T0, linked exclusively to the ini-
tial condition, from Eq. (7). This step is necessary in order
to avoid the superposition of this value for a second time,
thereby breaking the principle of the superposition of
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s = s0, t1 ¼ 7 h; t ¼ t�a ¼ 15 h; t�s ¼ 16 h).
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Fig. 3. Ground temperature profile obtained by the simplified model
(b = 6 m, dh = 0.53 m, _m ¼ 1 kg=s , aG = 1.3 � 10�6 m2/s, kG = 2 W/m K,
Ts,y = 16 �C, DTs,y = 9 �C, DTs,d = 3 �C, Ta,d = 21 �C, DTa,d = 9 �C,
s = s0, t1 ¼ 7 h; t ¼ t�a ¼ 15 h; t�s ¼ 16 h).
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Fig. 4. Exact and simplified ground temperature profiles (b = 2 m,
dh = 0.53 m, _m ¼ 1:67 kg=s, aG = 0.6 � 10�6 m2/s, kG = 2 W/m K,
Ts,y = 15 �C, DTs,y = 10 �C, DTs,d = 3 �C, t�s ¼ 15 h, Ta,d = 23 �C,
DTa,d = 10 �C, s � s0 = 0, t = 14 h, t1 = 8 h, t�a ¼ 14 h).
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effects. Moreover, before Eq. (7) can be inserted in Eq. (22)
to calculate term THE,I(x, t), in order to use the same inde-
pendent variable x for all its terms, it is necessary to trans-
late the coordinates of Eq. (7) in the following way:

T HE;Iðx; tÞ ¼ T a � T Gðb; t1Þ
� �

erfc
jb� xj

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðt � t1Þ

p
 !(

� e
hc jb�xj

k þh2
c aðt�t1Þ

k2

h i
� erfc

jb� xj
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðt � t1Þ

p þ hc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðt � t1Þ

p
k

 !)

ð23Þ

where the average (constant) value of the temperature of
the air through the buried pipe in time interval [t1, t], calcu-
lated by taking into account the boundary conditions in
Eq. (10), is

T a ¼
1

t � t1

Z t

t1

T aðt0Þdt0

¼ T a;d þ
DT a

xdðt � t1Þ
sen xdðt � t�aÞ
� �

� sen xdðt1 � t�aÞ
� �� �

ð24Þ

The term THE,II(x, t) in Eq. (22) is linked to the daily fluc-
tuation of air through the buried pipe and is considered
only in the case of the continuous working of the system
(for a wide multiple of the entire period 2p/xd); this term
derives from Eq. (11), which, for the same reasons outlined
above, is thus reformulated:

T HE;IIðx; tÞ¼
DT ae�jb�xj

ffiffiffiffiffiffiffiffi
xd
2að Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ2bþ2b2

q cos xdðt� t�aÞ� jb� xj
ffiffiffiffiffiffiffiffiffiffiffiffi
xd

2a

� r
� e

� �

ð25Þ

By replacing Eqs. (19), (23) and (25) in Eq. (22), the fol-
lowing result is achieved:

T ðx; tÞ ¼ T Gðx; tÞ þ T a � T Gðb; t1Þ
� �

� erfc
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2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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� e
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The profile of T(x, t) derived from Eq. (26) is illustrated
for a particular day of the year in Figs. 2 and 3, for two dif-
ferent depths of the buried pipe. It should be noted that, at
a depth of more than 1 m, the influence of the daily thermal
wave is negligible; the influence of the surface thermal
wave, on the other hand, evaluated on a yearly basis
becomes negligible from a depth of 5 to 6 m.

The comparison between the analytical solution
obtained with Green’s functions and the simplified method
is illustrated in Fig. 4. Over around 200 simulations, 24 of
which are reported in Table 1, the average percent error
between the temperatures obtained by the two methods,
applied in relation to the temperature at the installation
depth of the buried pipe is below around 5% and in the
proximity of the installation is always below 12%.

Finally, we come to the determination of the tempera-
ture of the buried pipe, an indispensable factor in calculat-
ing the quantity of heat exchanged by the air passing
through the buried pipe and the ground. The wall temper-
ature of the buried pipe can be obtained assuming x = b in
Eq. (26); we thus have



Table 1
Comparison between the exact and simplified profile of temperature in the
ground (other parameters: dh = 0.53 m, _m ¼ 1:67 kg=s, aG = 0.6 � 10�6

m2/s, kG = 2 W/m K, Ts,y = 15 �C, DTs,y = 10 �C, DTs,d = 3 �C, t�s ¼ 15 h,
DTa,d = 10 �C, s � s0 = 0, t = 14 h, t1 = 8 h, t�a ¼ 14 h)

Simulation data Temperature
by simplified
solution (�C)

Temperature
by exact
solution (�C)

Percent
errora

(%)

Ta,d = 18 �C x = 1.83 m 19.234 21.213 9.33
x = b = 2 m 21.283 22.076 3.59
x = 2.17 m 18.384 20.749 11.40

Ta,d = 23 �C x = 0.92 m 23.630 24.880 5.02
x = b = 1 m 25.336 26.070 2.82
x = 1.08 m 23.037 25.374 9.21

Ta,d = 23 �C x = 1.83 m 19.811 21.739 8.87
x = b = 2 m 23.835 22.911 4.03
x = 2.17 m 18.960 21.371 11.28

Ta,d = 23 �C x = 3.67 m 15.303 16.524 7.39
x = b = 4 m 19.734 18.933 4.23
x = 4.33 m 14.794 16.066 7.92

_m ¼ 0:5 kg=s x = 1.83 m 19.142 20.498 6.62
x = b = 2 m 21.104 20.419 3.35
x = 2.17 m 18.292 19.601 6.68

_m ¼ 1 kg=s x = 1.83 m 19.490 21.232 8.20
x = b = 2 m 22.584 21.508 5.00
x = 2.17 m 18.640 20.452 8.86

a = 1 � 10�6 m2/s x = 1.83 m 21.738 23.358 6.94
x = b = 2 m 25.157 24.816 1.37
x = 2.17 m 20.958 23.484 10.76

kG = 1.5 W/m K x = 1.83 m 20.060 22.036 8.97
x = b = 2 m 24.729 23.491 5.27
x = 2.17 m 19.210 21.785 11.82

a 100 � jSimplified � Exactj/Exact.
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T w ¼ T ðb; tÞ
¼ T Gðb; tÞ þ ½T a � T Gðb; t1Þ�

� 1� e
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� erfc
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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þ DT a;dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2bþ 2b2

q cos½xdðt � t�aÞ � e� ð27Þ

The above relation takes into account both the effect due to
the wave of heat from the surface of the ground and also the
daily fluctuation of temperature in the external air that
passes through the buried pipe. As the solution used is a tran-
sient one-dimensional one, Eq. (27) does not supply the evo-
lution of the temperature of the side in direction z (direction
of the flow of air). In order to calculate the degree of heat ex-
change between the air and the buried pipe, one can hypoth-
esize that the wall temperature of the buried pipe remains
constant along z or varies following a pre-established law.
7. Performance of earth-to-air heat exchangers

In order to determine the performances of EAHEs it is
necessary to establish the geometry of the buried pipe,
the thermo-physical (constant) properties of the ground
and air and the thermo-hygrometric conditions of the air
at the inlet of the buried pipe and the air mass flow rate.
Generally turbulent conditions occur and therefore, the
heat transfer coefficient hc could be calculated by the Dit-
tus–Boelter correlation [27,28]. If, moreover, fixed a value
of the average temperature at the outlet Tout, obviously
compatible with the thermo-hygrometric conditions of
the ambient air to be cooled, the unknown factors of the
problem remain the length of the buried pipe L and the spe-
cific humidity of the air at the outlet. Quadratic laws can be
assumed for the profiles of the temperature along coordi-
nate z. This hypothesis allows us to evaluate more precisely
the performance of the buried pipes, but it implies a greater
complexity in the obtained correlations.
7.1. Case of heat transfer without mass transfer

Through Eq. (27) it is possible to calculate the wall tem-
perature of the buried pipe in the inlet section Tw,in and the
outlet section Tw,out; in the latter case, considering that Tout

can be assumed to be constant in the time interval consid-
ered [t1, t], one can write

T w;out ¼ T Gðb; tÞ þ ½T out � T Gðb; t1Þ� 1� e
h2

c aðt�t1Þ
k2

h i(

� erfc
hc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðt � t1Þ

p
k

" #)
ð28Þ

The presence of condensation in the buried pipe must be
verified, calculating the humidity ratio of air at the wall
temperature in saturated conditions at the inlet and outlet
of the pipe (WR,in and WR,out) and the humidity ratio cor-
responding to the inlet of the air (Win). If Win < WR,in it is
possible to neglect the condensation (also the evaporation
is neglected for the reasons treated in the following subsec-
tion). In this case the use of the mass transfer mechanism it
is not necessary for analyzing the phase change for water
vapor in the humid air. An exponential longitudinal profile
is obtained for the air temperature as a solution to the bal-
ance of sensible energy in the buried pipe with isothermal
conditions at its surface as in Refs. [10,21,22,24,29] or at
an appropriate radial distance from the pipe as in Ref. [25].

As examined in this paper, the wall temperature is not
constant along the z-axis and its initial conditions are influ-
enced by the perturbation from the upper free surface.
Moreover, in the case of phase change along the length
of the buried pipe the latent heat exchange must be consid-
ered. The real profile is therefore more complex than the
profile used in the references cited above.
7.2. Case of heat transfer with condensation

If Win > WR,in the condensations are not negligible. In
this case, the approach of Boulama et al. [30] is preferred
considering the first terms of a power series expansion for
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the temperatures and for the humidity ratio of the air layer
near the wall of the buried pipe. An isothermal boundary
condition is not assumed for the wall temperature and
therefore, an exponential profile is not preferred, but qua-
dratic profiles are used. These profiles are close to the
experimental data and correspond to all the boundary con-
ditions for the inlet and outlet of the air.

Assuming

T �ðzÞ ¼ T aðzÞ � T wðzÞ ð29Þ

by considering a parabolic law for Ta and for Tw along
coordinate z (the law that best interpolates the experimen-
tal data), one can assume a quadratic law also for T*(z), as
follows:

T �ðzÞ ¼ T �in � 2
T �in � T �out

L
zþ T �in � T �out

L2
z2 ð30Þ

From this hypothesis it is possible to determine the total
instantaneous rate of heat assumed exchanged only by con-
vection between the air and the buried pipe, obtaining in
consequence:

_Q ¼
Z L

0

hcP ½T aðzÞ � T wðzÞ�dz ¼
Z L

0

hcPT �ðzÞdz

¼ hcP
2

3
T �out þ

T �in
3


 �
L ð31Þ

In fact, the value of _Q corresponds to the enthalpy var-
iation of humid air, as regards enthalpy between the inlet
and outlet sections of the buried pipe, if the enthalpy of
the condensed vapor is neglected; we get by Eq. (31):

L ¼ 3 _maðhin � houtÞ
hcP ð2T �out þ T �inÞ

ð32Þ

For calculating hout it is necessary to calculate Wout. One
can utilize a method proposed by Cucumo et al. in Ref. [4],
which supplies, as obtained further down, the following
relation:

W out ¼ ðW in � W R;inÞe�a þ ðW R;in � W R;outÞ � bþ W R;in

W in > W R;in

�
ð33Þ

with

a ¼ hmPL
_ma

ffi hcPL
_macp
¼ NTU and

b ¼ 2ð1� e�aÞ
a2

� 2e �a

a
� 1 ð34Þ

It is evident that for Win 6WR,in it is possible to exclude
any condensation that might occur and one can, therefore,
assume Wout = Win. One can also exclude, in the condi-
tions under consideration, the possibility of evaporation
as the buried pipes are impermeable and are supplied with
a drainage system for removing liquid condensation. Eq.
(33) has been obtained from the first-order differential
equation with constant coefficients derived from the equal-
ity of the amount of condensation in an infinitesimal ele-
ment of buried pipe dz and the same value obtained by
utilizing the definition of the mass transfer coefficient hm

[5], analogous to Ref. [30]:

_ma dW a ¼ hm½W RðzÞ � W aðzÞ�P dz ð35Þ

The mass transfer coefficient hm can be obtained through
the heat and mass transfer analogy [27] or, for simplicity,
through the Lewis relation [6,7].

For WR(z), the humidity ratio in the saturated air layer,
considered at the wall temperature of the buried pipe, for
the same reasons outlined above, a quadratic law of the fol-
lowing type was assumed:

W RðzÞ ¼ W R;in � 2
W R;in � W R;out

L
zþ W R;in � W R;out

L2
z2

ð36Þ

Other longitudinal profiles for WR are not considered,
because, in general, one can assume that WR depends on
the temperature with a quadratic law and consequently,
one prefers to use the first terms of a power series expan-
sion with appropriate boundary conditions at the inlet
and outlet of the pipe. This profile is close to the predicted
values by a numerical code [3], as shown in the following
Section 8.

From the iterative solutions of Eqs. (32) and (33),
expressing L and Wout, respectively we obtain the dimen-
sioning of the buried pipe. Eqs. (32) and (33) can be, more-
over, utilized for the determination of thermo-hygrometric
parameters of the air at the outlet of a heat exchanger of
known length in order to estimate its performance and to
carry out an assessment of the condition of the air coming
out of buried pipes.

8. Validation of results

The validity of Eqs. (32) and (33) has been demonstrated
through a numerical code based on the finite-difference
method reported in Ref. [3], with a complete discretization
for the soil and the buried pipe. We created a data-base,
running the code in the most disparate input conditions,
in particular ranging _m from 200 m3/h to 3200 m3/h, the
Ta,in from 28 to 36 �C, the Ta,out from 23 to 27 �C and
the Ts,y from 15 to 20 �C. Roughly 5000 simulations have
been performed and, for buried pipes of length less than
50 m, 90% of the cases, the maximum percentage error is
below 10%, as can be seen in Fig. 5, where the lengths
obtained by the numerical code are reported on the
abscissa axis and the lengths obtained by the analytical
model on the ordinate axis, with the same input conditions
for both.

Fig. 6 reports the comparison of the profiles of air tem-
perature between inlet and outlet, obtained through the
proposed model and certain experimental data obtained
from Sharan and Jadhav [15]. In this figure the hypothesis
of quadratic law is compared with some experimental data,
but the outlet temperature which appears in this profile
from Eq. (30) must be calculated by the model, with the
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Fig. 5. Comparison between the length obtained through a numerical
code [3] and the analytical model.
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Fig. 6. Comparison between temperature profiles obtained by the
proposed model and certain experimental data from [15] (b = 3 m,
d = 0.10 m, L = 50 m, _m ¼ 0:1 kg=s, aG = 1,0 � 10�6 m2/s, kG = 2.7 W/
m K, Ts,y = 25.7 �C, DTs,y = 5 �C, DTs,d = 3 �C, Ta,d = 27 �C, DTa,d =
13 �C, s � s0 = 0, t � t1 = 2 h, t�a ¼ 14 h).
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Fig. 7. Comparison between temperature profiles obtained from the
proposed model and certain experimental data from [31] (b ffi 1.25 m,
d = 0.125 m, L = 40 m, _m ¼ 0:077 kg=s, aG = 0.72 � 10�6 m2/s, kG = 1.5
W/m K, Ts,y = 12.8 �C, DTs,y = 0 �C, DTs,d = 0 �C, Ta,d = 25.3 �C,
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Fig. 8. Comparison between temperature profiles obtained from the
proposed model and certain experimental data from [24] (b = 2.286 m,
d = 0.305 m, L = 40 m, _m ¼ 0:13 kg=s, aG = 6.45 � 10�7 m2/s, kG =
1.16 W/m K, Ts,y = 17.4 �C, DTs,y = 10 �C, DTs,d = 3 �C, Ta,d = 25.5 �C,
DTa,d = 7 �C, t�s ¼ 15 h, s � s0 = 0, t = 20 h, t1 = 12 h, t�a ¼ 13 h).
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input conditions illustrated in the legend for the fixed
length.

In analogous manner, Figs. 7 and 8 report the compar-
ison with the experimental data from Albers [31] and
Krarti and Kreider [24].

In relation to preset lengths of the buried pipes, Fig. 9
reports the air temperature at the outlet, calculated
through the model and comparing it with experimental
data from Tzaferis et al. [8], for a circular buried pipe, at
equal conditions.
A comparison between the profile of the humidity ratio
along the pipe at the wall temperature with the parameters
obtained by the proposed model and the profile obtained
by a numerical code [3] was reported in Fig. 10, assuming
the same input conditions for both.

On the other hand, in relation to the relative humidity of
the air coming out of the buried pipe, experimental mea-



516 M. Cucumo et al. / International Journal of Heat and Mass Transfer 51 (2008) 506–516
surements by Wagner et al. [13] have shown that the aver-
age relative humidity at the outlet is above 80% in only
10% of the cases considered. This result is in line with the
results of the proposed model given the same input
conditions.

9. Conclusion

This paper proposed a transient one-dimensional analyt-
ical model that can be utilized for the correct installation
and the calculation of the performances of EAHEs. In this
way it is possible to take into account:

� the contribution of heat from the ground surface;
� the overheating of the pipe wall;
� the latent heat exchanges in the buried pipe.

With appropriate hypothesis, the model allows us to cal-
culate the length and humidity ratio at the outlet section of
a buried pipe, at an arbitrary depth of installation, assigned
thermo-physical properties for air and ground and the
boundary conditions, considering the air temperature in
the buried pipe and the ground surface temperature as vari-
ables under cosinusoidal law. Moreover, the model allows
us to evaluate the performance of a buried pipe of assigned
length.

The model is obtained by the solution of heat and mass
balances for air through the buried pipe, considering an
appropriate temperature profile in the ground. This is
determined by two methods: the first is based on Green’s
functions and the second, simplified, is based on the princi-
ple of superposition.

The agreement between the numerical and the experi-
mental data has proved very satisfactory.
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